INTRODUCTION
The fractional quantum Hall effect (FQHE) has long been known to occur due to electrons forming a strongly correlated topologically ordered state [1] . While the bulk of this state has a gap, gapless excitations are always present at the FQHE edge. The excitation spectrum and dynamical properties of these edge modes can be encoded in an effective low-energy theory. Such theories, called Chiral Luttinger Liquids (CLL) [2] , provide a powerful theoretical framework for the description of the fractional quantum Hall effect (FQHE). However, for a given filling factor ν there may exist several candidate theories predicting the same value of the Hall conductance, but possessing different excitation spectra (e.g., they may differ by whether non-Abelian quasiparticles are present). In such a situation, the foremost task in the investigation of the FQHE state is to discriminate between the candidate theories.
An important characteristic of an edge theory is the spectrum of local quasiparticle excitations. Each quasiparticle is characterized by several quantum numbers, of which two are important for the present paper: the electric charge and the scaling dimension. These quantum numbers can, in principle, be determined in experiments involving tunneling of quasiparticles between two FQHE edges. In this article we discuss weak quasiparticle tunneling through the FQHE bulk in a quantum point contact (QPC). In this case the quasiparticle with the smallest scaling dimension (the most relevant quasiparticle) gives the most important contribution to transport. One can hope to extract the charge and scaling dimension of the particle from transport measurements in such a system. Even such a limited amount of data as the properties of the most relevant quasiparticle can significantly reduce the number of candidate theories. This can be seen, for example, from the theoretical study of Ref. [3] , relating to ν = 5/2.
It is, in principle, possible to extract the charge and the scaling dimension from the tunneling current measurements only (see the experimental work of Refs. [4, 5] and references to theory therein). Though, it is well known (see e.g. [6] [7] [8] and references therein) that the tunneling amplitudes in electrostatically confined QPCs strongly depend on the applied bias voltage in an unknown nonuniversal way, probably due to charging effects. Thus, the charge and scaling dimension extracted from such measurements are prone to large systematic errors. Even in the simplest FQHE case of ν = 1/3 experimental and theoretical curves agree only qualitatively but not quantitatively (see e.g. Ref. [9] ).
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It has been shown in our previous work [11] that considering the ratio of the tunneling current noise to the tunneling rate allows one to exclude the unwanted nonuniversal dependence in the weak tunneling regime in the case of a single quasiparticle type tunneling. The fractional charge of the most relevant quasiparticle for ν = 1/3 was first confirmed [12, 13] by methods essentially equivalent to the analysis of the noise to tunneling rate ratio. In this paper we focus on the possibility to extract the scaling dimension of the most relevant quasiparticle from such data, paying particular attention to the ν = 1/3 case as the simplest one.
I. SCALING DIMENSION FROM THE NOISE TO TUNNELING RATE RATIO
We consider the following experimental setup (see Fig. 1 ). There are two quantum Hall edges, each supporting the same set of excitation modes. By an excitation mode we mean a channel in which long-lived excitations propagate in one direction with the same velocity. We call the propagation direction of a mode its chirality. The set of excitation modes includes a charge carrying mode or, possibly, several such modes, all having the same chirality, and some (possibly, none) neutral modes (that is the modes that do not carry electric charge). Neutral modes can have different chiralities. The two edges are far apart from each other except for the quantum point contact region where they come close to each other and quasiparticle tunneling processes take place. Yellow rectangles are the Ohmic contacts, which absorb everything that flows into them. Contacts Ground 1 and Ground 2 are grounded. Contact Source S is used to inject electric current I s into the lower edge, and contact Voltage probe is used to measure the electric current flowing into it and the current noise at zero frequency. All components of the system have absolute temperature T 0 . In Ref. [11] we developed a framework that allows one to deal with such experiments. There it was primarily developed for the simple case of an Abelian model of ν = 2/3 edge, however, it can be readily generalized for a wide class of typical Abelian and non-Abelian quantum Hall effect (QHE) edge models.
2 Two remarks are due here. First, the edges support different types of quasiparticles, each characterized by the quasiparticle charge Q, scaling dimension δ, and, possibly, some other quantum numbers. Second, only the quasiparticles with the smallest scaling dimension give a significant contribution to the tunneling processes. In the following we label such quasiparticle types by i = 1, ..., n, with the quasiparticle electric charges being Q i (in the units of the elementary charge e) and their common scaling dimension being δ i = δ.
Applying the framework to the experimental setup described above, one can find the tunneling rate r (absolute value of the ratio of the electric current tunneling from the lower edge through QPC and the current I s injected into the lower edge) and the excess noise at zero frequencyS(ω = 0) (which is the electric current noise 2 See Appendix A for a detailed discussion of this issue. measured at Voltage probe less the noise value at I s = 0):
where T 0 is the system temperature, e is the elementary charge, h = 2π is the Planck constant, k B is the Boltzmann constant, ν is the filling factor, and θ i ∝ |η i | 2 , where η i is the i-th quasiparticle tunneling amplitude. The proportionality coefficient between θ i and |η i | 2 can be expressed in terms of the propagation velocities of all the edge modes. The formulae (3), (5), (6) are correct for δ < 1/2, for δ ≥ 1/2 they should be modified.
In practice, the tunneling amplitudes, and therefore the parameters θ i , have some unknown non-universal dependence on the current I s [6] [7] [8] [9] [10] , which complicates a comparison of experimental data with the theory. However, consideration of the ratio of the excess noise to the tunneling rate (NtTRR)
allows to exclude the unwanted non-universal dependence in the case of one quasiparticle type dominating tunneling and reduce its influence in the case when several quasiparticles participate in the tunneling processes.
Consider the large-I s limit of Eq. (8). For |I s | I 0 one gets
This is the key result of the present paper. Unlike Eqs. (3), (5), (6), it can be shown to be valid for any δ > 0. The leading term of the asymptotic behaviour (9) gives the well-known result that in the regime of weak tunneling the gradient of the noise to tunneling rate ratio is equal to the tunneling quasiparticle's charge. In our case it is some average of the charges in the case of several quasiparticles participating in tunneling. Note the subleading term: constant offset contains information about the quasiparticles' scaling dimension. It is important that all the quasiparticles which significantly contribute to tunneling have the same scaling dimension.
Thus, in principle, by fitting large-I s experimental data with a linear function one can find not only the "effective charge" of the tunneling quasiparticles but also their scaling dimension (which is the same for all of the most relevant quasiparticles). However, in practice there are some restrictions to the useability of this approach. They are discussed below.
I.1. What experimental conditions are necessary for successful extraction of the scaling dimension?
Now we discuss the possibility to extract the scaling dimension from real experimental data. The result (9) shows that it is, in principle, possible to extract the scaling dimension of the tunneling quasiparticles from experimental data on noise to tunneling rate ratio without knowing fully the specific edge theory. However, there are few practical aspects which should be discussed.
First of all, the parameters θ i related to the quasiparticles' tunneling amplitudes depend on the current I s in a non-universal way. Therefore, Eq. (9) is not useful in the case of several different quasiparticle charges as the gradient of the leading term depends on I s . From now on we concentrate on the case when all the charges of the quasiparticles contributing to tunneling are equal: Q i = Q. Examples include the states of Laughlin series, the Moore-Read Pfaffian, Jain's ν = 2/5 state etc. Then, independently of θ i ,
Let us note that in this case it is possible to write a simple analytic expression for the NtTRR (8) (not just the large-I s asymptote) 4 :
where the digamma function ψ(x) = (ln Γ(x)) is the logarithmic derivative of the Euler gamma function Γ(x), 4 Derivation is given in Appendix C. and Im[...] denotes taking of the imaginary part. Alongside the asymptotic expression (10), the full expression (11) can also be used to extract the scaling dimension δ from experimental data. The second issue is that the dynamics of the system changes near a characteristic energy scale in the FQHE system. Namely, there is a bulk gap ∆. As the typical energies of the system exceed ∆ bulk dynamics starts being involved. Thus, one should restrict oneself to
Deviations from our theory can be expected beyond this threshold.
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The third issue is the lower validity bound for the asymptotic expression (10) . Fig. 2 shows the comparison of the NtTRR (11) against its asymptotic behaviour (10) for Q = 1/3 and δ = 1/6. These parameters correspond to the most relevant quasiparticle of the simplest ν = 1/3 edge model. As one can see, for |I s | ≥ 3I 0 the exact NtTRR and its large-I s asymptote almost coincide.
To estimate how close the asymptote and the original curve are we have done some fitting. Namely, we took part of a part of the original curve with |I s | between αI 0 and 10I 0 and fitted it with (10) using Q and δ as fitting parameters. For α ≥ 3 the fitted charge and scaling dimension deviate from their correct values by less than 1% and 11% respectively. This gives an idea of how accurate the estimates of Q and δ obtained from fitting 5 Similar applicability restrictions are put by the energy cutoffs of charged and neutral modes, which are considered in some works, e.g. [14] . However, typically these cutoffs are of the same order as or greater than the bulk gap ∆.
experimental data with formula (10) can be if there are no other sources of errors. Thus, one can use the asymptotic expression (10) for |I s | αI 0 , where α is on the order of 1. The exact value of the multiplier α depends on the values of Q and δ. Of course, this issue does not arise if one uses the full expression (11) .
Note that the greater is I 0 the more significant is the term containing the scaling dimension in Eq. (10) . At the same time, the less is the interval ν e h π∆ |I s | αI 0 . Thus, the choice of the system temperature should be a matter of trade-off between these to restrictions in order to allow as good determining of the scaling dimension δ as possible.
Fourthly. The expressions (10), (11) are valid only when the contribution of less relevant quasiparticles (with greater scaling dimensions) to the tunneling processes can be neglected. Otherwise the corrections due to less relevant quasiparticles can hinder finding the scaling dimension using the large-I s NtTRR behaviour. Unfortunately, there are no known reliable ways to estimate theoretically how significant these corrections are. However, general theoretical arguments, as well as recent Monte Carlo simulations [15] , show that the tunnelling amplitude of a quasiparticle with scaling dimension δ is proportional to (L/l B )
−2δ , where l B is the magnetic length, and L is the edge length. The typical experimental values of these parameters are l B ≈ 10 nm, L ≈ 10 µm, suggesting that the contribution of less relevant quasiparticles can usually be neglected. However, to be on the safe side, one can estimate them in practice by comparing experimental data with different possible theoretical answers for NtTRR (the answers including and not including less relevant quasiparticles).
Fifth issue is related to measurement errors. Scaling dimension enters Eq. (10) as a subleading term. Thus, finding the scaling dimension demands a very high quality experimental data with very small statistical errors. The NtTRR errors can be made less significant by using greater values of the tunneling rate. This, however, worsens the accuracy of theoretical result (10) which was derived perturbatively in the limit of small tunneling rate. Therefore, the choice of the strength of tunneling in experimental data should be balanced between worsening the applicability of the theory and improving the quality of data for NtTRR.
The latter observation brings up the sixth issue. The theoretical result (10) was derived perturbatively in the limit of weak tunneling of the quasiparticles. One can reasonably expect that if the tunneling rate is about, e.g., 10% the next perturbative correction to (and the inaccuracy of) the NtTRR should also be about 10%. While such an inaccuracy would bring about an error of the same order to the determined charge Q, the effect on the subleading term may be much more significant. This imposes a strong restriction on the value of the tunneling rate as is elaborated in the next section. There we find that for ν = 1/3 and typical experimental parameters one needs the tunneling rate r 5%.
To summarize, the NtTRR (11) and its large-I s asymptotic behaviour (10) can be used to find the scaling dimension of the most relevant quasiparticle. One should, however, take care to choose the appropriate parametric regime in order to reduce errors.
II. EXACT RESULTS FOR ν = 1/3 AND THE CONDITIONS TO EXTRACT THE SCALING DIMENSION BY PERTURBATIVE FORMULAE
In this subsection we concentrate on the filling factor ν = 1/3. The minimal edge model for this filling factor has only one edge mode represented by the chiral bosonic field and can be constructed in the way described in section IV of Ref. [11] . The electric charge and the scaling dimension of the only most relevant quasiparticle in this model are respectively equal to Q = 1/3, δ = 1/6. This model is believed to give the correct description of the FQHE at ν = 1/3. However, there is surprisingly little experimental evidence directly confirming this belief. While the charge of the most relevant quasiparticle has been confirmed long time ago [12, 13] , this is not true for its statistics or other properties of the model. 6 Therefore, finding the most relevant quasiparticle's scaling dimension would be an important check of the validity of the minimal model.
As it was noted in the previous section, finding the scaling dimension from large-I s asymptotic behaviour of NtTRR has a number of difficulties, one of which is related to the perturbative nature of the theoretical formulae. Fortunately, for the minimal model of the ν = 1/3 edge there is an exact solution of the problem of the most relevant quasiparticle tunneling at QPC which allows for finding the tunneling rate and the tunneling current noise [17] [18] [19] .
In this subsection we compare the perturbative answer for NtTRR with the exact one in order to find out at what tunneling rates the perturbative result can be applied for finding the scaling dimension. We concentrate on the case of zero temperature of the system (T 0 = 0), for which analytic expressions are available. The finite temperature case requires solution of thermodynamic Bethe anzatz equations and is beyond the scope of this work.
The exact answer for the tunneling rate r = |I T /I s | at zero temperature is as follows:
A n (x) = (−1)
The tunneling amplitude η, the parameter θ ∝ |η| 2 in the perturbative formulae (1), (2) and the parameter Ξ here are related: Ξ ∝ |η| 1/(1−ν) . Thus, Ξ characterizes the tunneling strength. The restrictions on |I s | in the formulae (13), (14) represent the radii of convergence of the series. According to Ref. [18] , at zero temperature the excess noise at zero frequencyS(ω = 0) is connected to the tunneling rate r viã
The explicit series arẽ
.
It is easy to see expansion in the orders of the tunneling amplitude η in the formulae (13), (18) . Taking only the first term in the sums in Eqs. (13), (18) one should recover the lowest order perturbation theory result for the regime of weak tunneling. This is indeed the case.
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Note that while the perturbative NtTRR X pert (I s ) =S pert (ω = 0, I s ) /r pert (I s ) does not depend on the value of the tunneling amplitude η (or Ξ, which is equivalent), the exact NtTRR does. (13), (14) . The green solid curve is the lowest order perturbation theory answer for the tunneling rate, which can be obtained by taking only the first term in the sum in Eq. (13) . We remind the reader that the system temperature is equal to T0 = 0.
We now compare the exact answers with the perturbative ones. Fig. 3 shows the comparison of the perturbative and the exact answers for the tunneling rate. For tunneling rates 9 not exceeding 0.2 the two answers are reasonably close. Note, that knowing the tunneling rate at a certain value of the current I s one can find the corresponding value of the tunneling amplitude Ξ. Fig. 4 shows the comparison of the perturbative and the exact answers for the noise to tunneling rate ratio. Since the temperature T 0 = 0 the perturbative answer for NtTRR is just X pert (I s ) = eQ|I s |. Fig. 5 shows the relative deviation of the lowest order perturbative results for the tunneling rate and NtTRR from the exacts ones. The horizontal axis is the exact tunneling rate. The relation between the exact tunneling rate and |I s |/Ξ can be seen from Fig. 3 . It is interesting to note that for a given tunneling rate the error of the perturbative NtTRR is generally greater than the error of the perturbative tunneling rate.
While the comparison made in Figs. 3, 4, 5 gives one an idea of how important the higher order corrections are, the curve representing the exact result in Fig. 4 should be taken with a grain of salt in the experimental context. This is because the tunneling amplitude Ξ in a real experiment exhibits a non-universal dependence on I s . It is not untypical that experimentalists work in the regime of constant tunneling rate (see, e.g., [20] ). As can be seen from Fig. 3 , this regime corresponds to the ratio |I s |/Ξ being constant. Fig. 6 shows the comparison of the perturbative and The red dot-dashed curve is the exact NtTRR plotted using the Eqs. (13)- (19) . The green solid curve is the lowest order perturbation theory answer for the NtTRR, which can be obtained by taking only the first term in the sums in Eqs. (13), (18) . We remind the reader that the system temperature is equal to T0 = 0. the exact answers for the noise to tunneling rate ratio for |I s |/Ξ = 2. Since the temperature T 0 = 0, the perturbative answer for the NtTRR is just X pert (I s ) = eQ|I s |. The exact answer in the regime |I s |/Ξ = const is equal to X exact (I s ) = eQ * |I s |. So the exact answer differs from the perturbative one by the gradient value determined by the "effective charge" Q * . As can be seen from Fig. 7 , in the limit of infinitely small tunneling rate the effective charge coincides with the true charge of the tunneling quasiparticle: Q * → Q = 1/3. However, at non-zero Figure 6 : Noise to tunneling rate ratio at ν = 1/3. Perturbative answer vs exact answer in the regime of constant tunneling rate. (Color online). The red dot-dashed curve is the exact NtTRR plotted using the Eqs. (13)- (19) for Ξ = 0.5|Is|. The green solid curve is the lowest order perturbation theory answer for the NtTRR, which can be obtained by taking only the first term in the sums in Eqs. (13), (18) . We remind the reader that the system temperature is equal to T0 = 0. Figure 7 : Dependence of the effective charge Q * on the tunneling rate for ν = 1/3. (Color online). The black solid curve is the dependence of the effective charge Q * found from the exact NtTRR on the tunneling rate. The blue dashed line shows the value of the true charge Q = 1/3 of the tunneling quasiparticle. We remind the reader that the system temperature is equal to T0 = 0.
tunneling rate the charges do not coincide: Q * < Q. Although, at the moment we are not able to estimate the deviation of the perturbative answer for NtTRR from the exact one at non-zero temperature, the observation that has just been made allows us to formulate some qualitative conditions for the applicability of formula (10) . Namely, one can compare the difference between the answers at zero temperature e(Q − Q * )|I s | at maximum value of |I s | which is going to be used with the term eI 0 (2 − 8δ)/π = (2 − 8δ)k B T 0 νe 2 /h in Eq. (10), where T 0 is the system temperature. For example, at T 0 = 10 mK for |I s |/Ξ = 2 (which corresponds to the tunneling rate r ≈ 26%) at I s = 1 nA for Lauglin quasiparticle (Q = 1/3, δ = 1/6) the term containing δ is about three times smaller than the error e(Q − Q * )|I s |. Therefore, finding the scaling dimension of the Laughlin quasiparticle with the help of Eq. (10) is not possible under these experimental conditions.
For typical experimental values of T 0 = 30 mK and I s = 1 nA the error term does not exceed (2 − 8δ)k B T 0 νe 2 /h for r ≤ 27% and does not exceed 0.1 × (2 − 8δ)k B T 0 νe 2 /h for r ≤ 4%. When e(Q − Q * )|I s | is 10 times smaller than the term containing δ, one can hope to find δ with a reasonably small error. Thus, if the quality of the experimental data at r ≈ 4% is high enough, it should be possible to find δ reasonably accurately (with the systematic relative error ≈ 10 − 20% due to (a) difference between the exact answer and the perturbative one and (b) difference between the perturbative answer and its large-I s asymptotic behaviour) by fitting the experimental data for NtTRR with Eq. (10) . One can eliminate the second source of systematic error by using the full formula (11) instead of the asymptotic expression (10) .
Apart from that, the deviation of the effective charge Q * from the quasiparticle charge Q at higher values of the tunneling rate r gives an opportunity to further check the edge model and the tunneling contact model at ν = 1/3.
CONCLUSIONS
We propose a method for finding the scaling dimension of the most relevant quasiparticle at a QH edge using tunneling current and tunneling current noise measurements. The advantages of the method are (a) reduced sensitivity to the non-universal physics of tunneling contacts (compared to methods based solely on tunneling current measurements), (b) a certain degree of model independence. By comparing our perturbative results with the exact results of Ref. [18] in the case of ν = 1/3 we find that our method should be applied for small enough tunneling rates r 5%.
Using the exact solution of Ref. [18] at ν = 1/3 for higher tunneling rates, we find that the effective charge Q * which can be found from an experiment using standard perturbative formulae deviates from the true charge of the most relevant quasiparticle Q. We propose to measure and study this difference in order to check the minimal ν = 1/3 edge model and the tunneling contact model.
The formulae (1)- (7) for the tunneling rate and the tunneling current noise within the second order perturbation theory in tunneling Hamiltonian were originally obtained in Ref. [11] for the case of the minimal ν = 2/3 edge model under certain phenomenological assumptions. However, these formulae and the calculations leading to them are straightforward to generalize to a much wider class of edge theories.
A general Abelian QH edge theory can be constructed in the way outlined in section IV of Ref. [11] . One typically expects all the modes which carry electric charge to have same chirality χ i . If a theory contains counterflowing charged modes, in the low-energy limit it can become a theory with a set of charged modes propagating in one direction and a set of neutral modes (possibly, with different directions of propagation) according to the mechanism described in Refs. [21, 22] .
Under the same assumptions on the interaction between the Ohmic contacts and the edge as were used in Ref. [11] , in the case of such theories one can show that the formulae (1)- (7) still hold for tunneling of the quasiparticles with δ < 1/2. The only adjustment which has to be made concerns the number of the parameters θ i (according to the number of the most relevant excitations) and their definition. For tunneling of the quasiparticles with δ ≥ 1/2 only the formulae (3), (5), (6) should be modified with the terms cancelling divergencies of the integrals at t → 0 similar to the ε 1−4δ term in Eq. (5). A more general class of QH edge theories is where the charged sector is still described in terms of free bosons like in Abelian theories, while the neutral sector is described in terms of a more complicated model -some conformal field theory (CFT). Perhaps, the most famous example of such a model corresponds to the Moore-Read Pfaffian state. A general scheme for construction of such models is described in Ref. [23] . For more details on CFT see Ref. [24] . For the purposes of the present work it suffices to say that the second order perturbation theory results (1)- (7) hold for this class of models as well as they do for the Abelian ones.
We remind the reader that the phenomenological assumptions regarding the interaction of the Ohmic contacts with the edge are important for the derivation of the formulae (1)- (7) . Most importantly, the assumption that the lower edge temperature does not depend on the current I s is crucial for the results of the present work.
So, the formulae (1)-(7) (up to a modification of the number and the exact expression of the parameters θ i ) are valid for a wide class of typical Abelian and nonAbelian FQHE edge models. 
where Γ(x) is the Euler gamma function. Similarly, for Eqs. (5), (6), (4) in the limit |j s | 1 one gets
Using Eqs. (1), (2), (8), (B1), (B4) one finally gets the asymptotic expression for the NtTRR (9):
Appendix C: Analytic expressions for the noise to tunneling rate ratio
For the following derivation we need several facts about Euler beta function B(x, y) and Euler gamma function Γ(x).
Γ(x) = Γ(x),
B(x, y) = Γ(x)Γ(y) Γ(x + y) , 
For the function defined in Eq. (6), noting that 
